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The average ratc of absorption prr 
unit surface area in a steady state 
apparatus such as :i wetted-wall column 
or a jet is 

where “VA is thz local rate of absorption 
per unit area, N A  is the average rate per 
unit area, and A’ is the total area. This 
can also be zpplied to a packed or spray 
column if N A  is considered to be the 
average a t  one instant of time over all the 
interfacial area. If u. d(p r ids  only on z, 

since 

d A  = P d x  (2) 
and 

ax 
u, = - de 

dA 
-- = Pu, tie 

(3) 

and ” 

e ’  

A’ = Pus d0 (5)  

Thus Equation (1) on a time basis is 

- le’ NAPu. d0 
N A  = (6) l*‘ r u .  ae 

where 

P = perimeter of the exposed liquid sur- 
face which may be a function of z 

5 = distance measured in flow direction 
ZL, = velocity of liquid a t  the surfare 
8’ = time of contact 

The term Pu,, which may be called the 
surface-area velocity, is the rate a t  which 
fresh surface passes the perimeter a t  any 
point 3. Its tinic integral is the total area, 
as shown by Equation (5). When Pu. is 
constmt, Equation (8) reduces to the 
time average-absorption rate, 

but when it is not constant, Pu. is the 
weighting factor which relates the timc 
and area variables. 

In the penetration theories of gas 
absorption where the local absorption 
rate is assumed to be the stagnant liquid- 
absorption ratc (,”), 

where D is the Jiffusivity of thc gas in the 
liquid :tnd AC is the difference between 
the intwfacial concentration and bulk- 
liquid concc.ntration. Both I )  and AC are 
:issumetl constant. The averagc absorp 
tion rate is usually obtained by taking 
the timc: average as defined by ICquation 
(7) so that -- 

However use of Ilhluation (7) is justified 
only if thc surface-area velocity is a 
constant; if i t  is a variablr, N A  will 
depend on tho path followed in reaching 
0’ as wall as on 0’ itself. The average 
rate will bc less than that given by Equa- 
tion (9) i f  Pu, increases with 2 and 
greater if Pu. decre:ws with z. An 
example is the hypothetical case where 

PIC, = ax“ - 1  < 71. < 1 (10) 

When n = >h and 2 is small this would 
approxiniatcly describe the surface-area 
velocity of R laminar liquid flowing into 
B gas from a sharp-edged orifice. By use 
of Equations (a), (6), and (lo), 

When n = 0, Pu. is constant and Equa- 
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Fig. 1. Surface-age distribution functions with varying surface 
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Fig. 2. Surface-age distribution functions with varying surface 
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Page 578 A.1.Ch.E. Journal December, 1956 



(Continued front page 578) 

tion (11) reduces to Equation (9). When 
n is positive, for the same 0’ the rate is 
less than the value given by Equation 
(9), and when n is negative the rate is 
greater. 

In flow down a wetted-wall column 
the surface velocity must accelerate 
from zero or a small value to its final 
steady value and the average absorption 
rate over the column will be lower than 
that given by Equation (9), which in 
turn will be lower than the average rate 
obtained by assuming that the average 
velocity is immediately attained. This 
lowered rate may have contributed 
somewhat to the apparent interfacial 
resistances reported by some authors 

From Danckwerts’s viewpoint (1, 2), 
(3, 5) .  

where q(0)  is the surface-age distribution 
function so defined that p(0) de is the 
fraction of the total surface which has 
ages between 0 and 0 + do. From Equa- 
tion (4), 

and so 

p(e) = o e > e’ 
When Pu. is constant, Equation (14) 
reduces to l/e‘ for 0 < 0‘ and 0 for B > 8’. 

The surface-age distribution function 
for the surface-area velocity of Equation 
(10) is 

d e )  = 0 e > e l  
Figure 1 shows p(0) for various values of 
n, and these curves typify some distribu- 
tion functions which could be conceived 
of when mixing does not take place during 
the flow. 

Since 0, the contact time in the pene- 
tration theory [Equation (S)], is the age 
of the surface, when mixing, i.e., surface 
renewal, takes place, the surface-area 
velocity must be known in terms of the 
surface age. If all the surface elements 
reach the same age before being replaced, 
as postulated by Higbie (4) for a packed 
column, then the equation relating the 
surface-area velocity to the distance from 
the point of mixing is sufficient to define 
cp(t?), and the effect of a varying surface 
velocity is the same as in the case of no 
surface renewal. 

In Danckwerts’s theory the probability 
that an element of surface is replaced by 
mixing i’s assumed to be independent of 
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its age. This gives the following distri- 
bution function ( l ) ,  

p(e) = Se-” (16) 
where S is the fractional rate of surface 
renewal . 

It is interesting to note that the Danck- 
werts distribution function is also ob- 
tained for flow without surface renewal if 

Pu, = S(A’ - A) (17) 
(and here S is merely a constant) 
or when P is a constant 

u, = S(L - x) (18) 
The average absorption rate is then 
identical with the value given by Danck- 
werts, 

N A  = AC-\/m (19) 
although the two physical situations are 
quite different. 

Since Danckwerts assumed that the 
probability of replacement of an element 
of surface was independent of its age, the 
velocity does not have any effect on his 
distribution function. In order to account 
for velocity variations it is necessary to 
make another type of assumption con- 
cerning the rate of surface renewal, the 
simplest being that the probability that 
an element is replaced is independent of 
x ,  the distance it has traveled since it was 
formed. It can be shown by B derivation 
similar to that of Danckwerts (1) that 
for a constant perimeter this leads to 

p’(x) = S’e-s’2 (W 
where p’(x) is the surface-length distri- 
bution function defined so that cp‘(x) dx 
is the fraction of the total area between 
x and x + dx, and S‘ is the constant 
fraction of the area replaced per unit 
length of flow. Then in place of Equation 
(12) one can write 

- 
N.4 = lm N A d ( X )  dz (21) 

Equations (21) and (12) show that in 
general 

40) = uM’(4 (22) 

p(e) = u,S‘e-Brz (23) 

s = U,S’ (24) 

and so from Equation (20) 

and since 

Equation (23) reduces to (16) when u, 
is constant. The mean surface velocity in 
the column is 

fi., = u ~ ~ ’ ( x )  dx (25) 

and the average fractional rate of surface 
renewal is 

(Continued on page 1OD) 
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I (Continued from page 9D) 

It is more likely that there is a unique 
relationship between u, and x in a disk 
or stacked column than in a packed 
column, but even in the latter case 
there might be some relationship which 
would describe the over-all cffect. A 
qualitative picture of the effeqt of a 
varying surface velocity may be ob- 
tained by using the velocity-distance 
relationship of Equation (10). This gives 
in place of Equation (16), 

Equation (27) is shown in Figure 2 for 
various values of n. When n = 0, Danck- 
werts's distribution function is obtained, 
and when n is positivo (the velocity 
increases from zcro after mixing) the 
middle-aged surfaces are given greater 
weight than when the velocity is constant. 
When n is negative, so that the vclocity 
is infinite after mixing, greater weight is 
given to the very young and very old 
surfaces and less to the middle-aged 
surfaces. 

The average absorption rate with the 
distribution function of Equation (27) is 

so that for s constant, a variation in n 
changes only the constant in the equation. 
The rate decreases continuously as n 
increases; when n is negative (the velocity 
decreases with distance) , the rate is 
greater than the value corresponding to 
a constant surface velocity, and when n is 
positive (the velocity increases with 
distance),the rate is less than this value. 

Since S,  8, and 91. cannot be directly 
measured in a packed column, Equations 
(11) and (28) show that thc effect of a 
varying surface velocity is immaterial as 
far as physical absorption is concerned. 
However, in absorption accompanied by 
chemical reaction the particular surface- 
age distribution function is of importance, 
and knowledge of it would allow predic- 
tion of the effects of chemical reactions on 
absorption rates (2) .  
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